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0 Definition and formulation
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Deterministic problem definition

Instance description

V' nodes

A arcs

depot

identical vehicles
Capacity

demand

n o O X o

cost

4

e K=2 C=16
Od,':2
Od,':4
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Partition-constrained uncertainty

e
Dpare [Gounaris et al., 2013] .
Partition: V=V, U---U Vi c :
~‘o.-.

del[dd+d]| > d<b,jeS

ieV;
e K=2, C=16
08,22' A,':l
o d; =4, A,':2

d*(r)=6+12=18> C
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Partition-constrained uncertainty

by =4 by =2

Dpare [Gounaris et al., 2013]

Partition: V=V, U---U V;

del[dd+d]| > d<b,jeS
ieV;

4

> O
I
—_
(@)}

d*(ﬁ) =16 d*(rz) =16
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Cardinality-constrained uncertainty

=2

Darg [Bertsimas and Sim, 2003]

{de[3,3+a]\zd’did" gr}

ieVv u
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Cardinality-constrained uncertainty

M=2

Dcara [Bertsimas and Sim, 2003]

{d eld,d+dl| ) % < r} o

iev ’

d*(r)=4+2+104+1=17>C
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Cardinality-constrained uncertainty

=2
Darg [Bertsimas and Sim, 2003]
. d —d;
deldd+d]| )y ——— SF}
{ iev d;
d*(n) =16 d*(r) =16
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Knapsack uncertainty

We consider the general model

D={de[d,d+d] Zwid;gbk,kzl,...,s ,
i€V

with V= V4 U---U Vs and Vi NV, = 0 for all k # £.
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Set partitioning (master) formulation

Robust-feasible routes

R(D) = {r € Ry

> ajdi < C, VdeD}.

ier
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Set partitioning (master) formulation

Robust-feasible routes

R(D) = {r € Ry

> ajdi < C, VdeD}.

ier

- i A

. . reR(D)
a; number of times vertex i , )
appears in route r. s.t. Z aidr=1, i€ W,
R(D
¢, cost of route r. rer(D)
A, =1iffroute r € Ris Z Ar=K,
used. reR(D)

Ar€{0,1}, re R(D).
Note: R(D) can be enlarged to include non-elementary routes.
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Outline

9 The pricing problem
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Pricing problem

min g KijXij,

k reduced costs (ij)EA
C capacity s.t. Z dix; <C, deD
X arcs in the route (ij)eA
X set of routes xekX
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Pricing problem

min g KijXij,

k reduced costs (ij)EA
C capacity s.t. Z dix; <C, deD
X arcs in the route (ij)eA
X set of routes xekX

How to solve the pricing problem efficiently?
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Simplification: D = {d efo,d]| 3 di<bjje 5}

iev;

Zdjx;jSC, deD & max Zdjxu
(ij)eA (ij)eA

deD,; <C
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Simplification: D = {d efo,d]| 3 di<bjje 5}

i€V,

Y dx;<C, deD & deudeD <C

(i, j)EA (i,j)EA

< max de Z xj10<d Z <bj,jeSy<C
JEV  i(ij)EA %
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Simplification: D = {d efo,d]| X di<bjje 5}

ieV;
Y dx;<C, deD & max{ > dxj|ldeDjy<C
(i,j)EA (i,j)EA
Xj
i’ N A
< max de Z xj |0<d gdz <bj,jesSpy<C
Jjev  ji(ij)eA %
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Simplification: D = {d efo,d]| X di<bjje 5}

IEJ

Y dx;<C, deD & max{ > dxj|ldeDjy<C
(ij)eA (ij)eA
Xj
—~

< max de Z Xij

jeV  ji(ij)eA

< min ZbB —l—Zdy,

JES ieN

i tYi=x,l€N,Oy>0s<C
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Simplification: D = {d efo,d]| X di<bjje 5}
i€V,

Y dx;<C, deD & max{ > dxj|ldeDjy<C
(ij)EA (iJ)eA
X;
g N A
< max de Z xj |0<d gdz bj,jeSp;<C
Jjev  j(ij)eA ev;
< min ZbB—i—Zdy, i tYi=x,l€N,Oy>0s<C
JES ieN
ﬁgﬁgg{mg +Z;Id[xj()— }SC
e
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Simplification: D = {d €f0,d| Y d<bj,jeS

' }
eV

Y dx;<C, deD & max{ > dxj|ldeDjy<C
(ij)EA (ij)eA
Xj
i’ N A
< max de Z xj |0<d gdz bj,jeSp;<C
ev;

jeV  ji(ij)eA

< min ZbB —l—Zdy,

i tYi=x,l€N,Oy>0s<C

JES ieN
ﬁgﬁgg{m‘) )+ D dilvi) — 05 }SC
- ieN
s em;g{ biy0j) + > Xin il - j(i)]+} =C
- ieN
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Simplification: D = {d efo,d]| X di<bjje 5}

eV

Y dx;<C, deD & max{ > dxj|ldeDjy<C
(i,j)EA (i,j)EA
Xj
i’ N A
< max de Z xj |0<d gdz bj,jeSp;<C
Jjev  ji(ij)eA %

< min ZbB —l—Zdy,

i tYi=x,l€N,Oy>0s<C

JES ieN
ﬁgﬁgg{m‘) )+ D dilvi) — 05 }SC
- ieN

ﬁem;g{ bit B + D_ Xity {1 = j(,-)]+} <C & mnfi()<C
- ieN -
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Simplification: D = {d efo,d]| X di<bjje 5}

iev;
Y dx;<C, deD & max{ > dxj|ldeDjy<C
(ij)EA (ij)eA
Xj
i’ N A
< max de Z xj |0<d gdz bj,jeSp;<C
JEV  ji(ij)EA ev;

< min ZbB —l—Zdy,

i tYi=x,l€N,Oy>0s<C

JES ieN
ﬁgﬁgg{m‘) )+ D dilvi) — 05 }SC
- ieN

S O i <
(:)mln{ bj0j(i +§XJ()d[1 0] } <C & min fi(0) < C
Remark: All kink-points of £, () are in {0, 1}/5!
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Pricing problem for the partition-constrained uncertainty

The problem

i e <
)r(nel)r} Z KijXjj : Z dix; <C, deD
(ij)EA (ij)EA

amounts to solve 2| = |©| problems

i G 0. 0
)r(gl)r} Z KijXij : Z djx,JSC
(iJ)eA (ij)eA
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Pricing problem for the partition-constrained uncertainty

The problem

i e <
)r(nel)r} Z KijXjj : Z dix; <C, deD
(ij)EA (ij)EA

amounts to solve 2| = |©| problems

i G 0. 0
)r(gl)r} Z KijXij : Z djx,JSC
(iJ)eA (ij)eA

v

Can we reduce the number of problems?
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Reducing the number of problems

Reminder: D = {de [d,d+d]| 3 wid; < by, k= 1,...,5}
127

Theorem

The pricing amounts to solve
many problems of the type

min Z KijXijs
(ij)eA
(P st > dlx;<C’
(ij)EA
wix>b

xeX

V.

Using complementary slackness
conditions ... O

v
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Reducing the number of problems

Reminder: D = {d eld,d+d]| 3 wid < by, k= 1,...,5}
a7
@ Changes the problem structure ©®

The pricing amounts to solve
many problems of the type

min Z KijXijs
(ij)eA
(P st > dlx;<C’
(ij)EA
wix>b

xeX

V.

Using complementary slackness
conditions ... O

v
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Reducing the number of problems

Reminder: D = {d eld,d+d]| 3 wid < by, k= 1,...,5}
a7
@ Changes the problem structure ©®

The pricing amounts to solve @ Use these new constraints to test
many problems of the type feasibility of (P?)

min Z KijXijs
(ij)eA
(P st > dlx;<C’
(ij)EA
wix>b

xeX

V.

Using complementary slackness
conditions ... O

v
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Reducing the number of problems

Reminder: D = {de [d,d+d]| 3 wid; < by, k= 1,...,5}
127

@ Changes the problem structure ©®
The pricing amounts to solve @ Use these new constraints to test
many problems of the type feasibility of (P?)
0 .
min Z KiiXi @ (P?) feasible =
ij)EA )
(e min deu:v"v >py < C?
(P st > dlx;<C’ xelon) | 2
(ij)eA
WTx>b (notice X has been relaxed to {0,1}")

xeX

V.

Using complementary slackness
conditions ... O

v
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Reducing the number of problems

Reminder: D = {

deld,d+d]| 3 wd; < by, k—l,...,s}
127

@ Changes the problem structure ©®

Theorem
The pricing amounts to solve @ Use these new constraints to test
many problems of the type feasibility of (P?)

o (PY) feasible =

min g KijXijs

ij)EA )

(e min deu:v"v >py < C?
(Pe) s.t. Z djexl,/ < C9 xe{0,1}" (en

(iJ)EA

s 0 (notice X has been relaxed to {0,1}")

XEX Example (Deara)

V.

w =1 so the feasibility check becomes

min Z d‘gxu Zx, >

Using complementary slackness x€{0,1}7 A
(i

D)

conditions ...
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Reformulation

o Necessary kinkpoints: ©* = {# € © : P9 £ ()}

@ Robust-feasible routes: Ry = {r € Ry

Safd? < G, VdED}.

ier
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Reformulation

o Necessary kinkpoints: ©* = {# € © : P9 £ ()}
Yard! < Gy, Vde D}.

ier

min > Y c,

@ Robust-feasible routes: Ry = {r € Ry

«j number of times vertex i 0c0* reR,
appears in route r. .
PP s.t. Z Z ajA, =1, i€ W,
¢ cost of route r. 0cO* reR,
Ar =1 iff route r € R is ZZ)\_K
r— ’
used. 9cO* reRy
©* set of vehicles types A e{0,1), AeoreR,
v 9 9y .
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Reformulation

o Necessary kinkpoints: ©* = {# € © : P9 £ ()}
Yard! < Gy, Vde D}.

@ Robust-feasible routes: Ry = {r € Ry

ier
i S S e
«j number of times vertex i 0c0* reR,
i te r. .
appears in route r st Z Z af\, =1, i€V,
¢ cost of route r. 0cO* reR,
Ar =1 iff route r € R is ZZ)\_K
r— ’
Used. 9cO* reRy
©* set of vehicles types A e{0,1), AeoreR,
v 9 9y .

robust homogeneous CVRP ~ deterministic heterogeneous CVRP
= we can use VRPSolver

November 21, 2019 16 /27
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Effect of preprocessing for Dyt

In. cls | #in. | K | #sp | %red. | #det.
A 26 | 7.1 | 2.7 | 83.4% 7

B 23 | 7.2 | 3.9 75.8% 0

E 11 73| 36| 77.3% 4

F 315.0| 5.0 68.8% 0

M 3197 13]91.7% 2

P 24 | 7.3 | 43| 73.2% 9

all 90 | 7.2 | 3.6 | 77.8% 22

22 out of 90 instances were reduced to deterministic ones
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Outline

© Experiments
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Branch-cut-and-price algorithm

Uses BaPCod, which is state-of-the-art for several VRP variants [Pessoa
et al., 2019]

Features:

e Bidirectional bucket-graph based pricing with bucket-arc fixing (allows
fractional resource consumption)

o Multilevel pricing heuristics
o Ng-path for partial elimination of cycles [Baldacci et al., 2011]

o Automatically parametrized stabilization [Pessoa et al., 2018]

@ Rank-1 cuts over the X variables with limited memory [Pecin et al.,
2017]

@ Multilevel strong branching with history information

@ Enumeration of useful elementary routes when the gap is sufficiently
small [Baldacci and Mingozzi, 2009]

Artur Pessoa, Michael Poss, Ruslan Sadykov,Branch-Cut-and-Price for the Robust Capacit. November 21, 2019 19 /27



Experiments setup

Intel(R) Core(TM) i7-3770 machine with 12 Gb of RAM

geometric means are used for all run times

For Dpare, instances from Gounaris et al. [2013]

90 instances with 15 to 150 customers

Mean demands = 0.9x Original demands

Deviations = 0.2x Original demands

Capacities = 1.2x Original capacities

4 uncertainty partitions associated to quadrants
Deviation sum limits = 0.15x total demands in partitions

Literature results for Dpat

e Exact method: BC by Gounaris et al. [2013]
o Heuristic: AMP by Gounaris et al. [2016] (1h run)
o AMP—+BC for unsolved instances:
5 min of AMP + 24h of BC (we use BC times for solved)

@ For D_s4, new instances
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Valid inequalities effect for Dp,: (NOT PRESENTED)

In. | # BCP root

cls | in. | gapO0 t. 0| #cr. | gapl t. 1
Al 26| 216% 0.70 3.7 | 0.00% 291
B | 23| 3.68% 1.31 2.8 | 0.01% 5.95
E|11|231% 2.79 5.4 | 0.00% | 11.40
F| 3|3.01% | 139.10 5.0 | 0.30% | 309.40
M| 3|1.66% | 12.49 | 14.7 | 0.20% | 52.44
Pl 24]127% 0.51 2.8 | 0.00% 1.47
all | 90 | 2.34% 1.17 3.9 | 0.02% 4.43
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Branch-cut-and-price results for Dy,

In. | # BCP AMP+BC

cls | in. | #n. t. Fopt. gap t. Ffopt.
A | 26| 1.00 2.91 26 | 1.97% | 3440.31 12
B|23|1.05 5.98 23 | 1.39% 250.96 13
E| 11| 1.00| 11.40 11 | 2.19% 573.01 5
F| 3537 833.42 2| 1.10% 55.76 2
M| 3] 3.33| 15351 31 2.70% | 86700.00 1
P |24 1.00 1.48 24 | 2.09% 976.36 10
all | 90 | 1.11 4.75 89 | 1.87% 981.90 43
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Conclusion
Take-away message

min {CTX calx < C, Vae D} = minmin {CTX : ang < C@}
x€X 6O xeX
@ Useful in decomposition algorithms (pricing problem)

@ The number of subproblems can be reduced substantially

= Applications in scheduling, bin-packing, ...

Other contributions (NOT PRESENTED)

@ Reinforced capacity inequalities
@ Improved heuristics

A. A. Pessoa, M. Poss, R. Sadykov, F. Vanderbeck. Branch-and-cut-and-price for
the robust capacitated vehicle routing problem with knapsack uncertainty. Minor

v

revision pending for Operations Research
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@ OJMO - Open Journal of Mathematical Optimization
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Open Journal of Mathematical Optimization (OJMO)

@ Where will you publish your new improvements on VRPSolver?
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Open Journal of Mathematical Optimization (OJMO)

@ Where will you publish your new improvements on VRPSolver?

@ With classical publishers, your own institution will have to pay dearly
to access it, unless you pay (+2k) for “gold” Open Access
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